
Measure Theory with Ergodic Horizons
Lecture 2

Generation of algebras and t-algebras.

let X be a set and EGP(X) be a collection
.

Is there a smallest (8) algebra containing
2? There is at least one lo algebra containing e

, namely ,

P(X).

Observation. Arbitrary intersections of 18- algebras is still a Citalgebra,
i

.
e . if

>Ai : it Ih is a collection of (5) algebras On X
, Rene As is a lot algebra

Thus
, given 2 = P(X)

,
<es := intersection of all algebras containing e

< 230 :: intersection of all r-algebras contains &
is the smallest 15 -7 algebra containing

,
These me top-down definitions

,
which are hard to work with

,
so we seek

bottom-up definitions.

Prop . Let e = O(X). Then

(a) < ey
=Y ,

whe To := [V90]
,
En+:= h : (eTal Unfinite unious of

sets in En] .

16) < E >
0 = U Yo

,
where To : = [V(0)

· In :=UhC : (e) Whithl unions of
&Wit first unethl ordinal als in

Proof. (a) is left as HW and 16) is an optional excercise.

Def. For a metric (wore generally topological) space
X

,
the F-algebra generated by

all openrets is called the Bonel T-algebra ,
and the sete in it are called

Bonel setz. We denote the Borel o-algebra of X byB(X).
ObserveHet the Boel Galgebra is also generated by closed sets.



Def .

A basis for a metric (hopological space) X is a collection [ of
open sets

such that each open set in X is a union of some sets from 2.

X is called secondth) if it admits a ctel basis.

Examples . (a) In IRY
,
rational boxes form a basis

,
so
IRd is 2nd ctbl .

(8) For a ctbl A*0
,

the space A is 2nd atbl becase the cylinders form a

ctl busis for A

Observation
. IfI is a util basis for a metric spaceX , the <Ez = B(X).

Prop . For metric spaces ,

229 utblity in equivalent be separability.
Proof. HW

Def . A measurable space is a pair (X ,
5) where X is aret and 3 is a

T-algebra on X.

Measures.

Def
.

For a set X and an algebra A on X
,

a function M : A < 10
,
03 is

said to be :

· finitely additive if M/LAi)= Ai) for all disjoint Ap ..,
An

·obly additive if MIAil=NMAi) for all disjoint Ao
,

A
,
... A

withAi A.

Def . For a measurable space (X ,
5)

,
a measure on X is a othly additive

function M : 5- 10
, 47 such that M1D) = 0. A measurable space (X

,
3)

equipped with a measure h is called a measure space and denoted (X
,

3
, M).



Caution
.

There is a term finitely additive measure which means a function

M : A + 10
,

07 on an algebra A that is finitely additive and M(Q) = P.
But finitely additive reasures are typically not measures even ifA is a oalged.

Def
. A measure in on a measurable space (X

,
3) is called :

· finite if M(X) <&.

· probability if M(X) = 1
.

·definite if X can be partitioned into atbly many
sets from 3

each of which having finite measure.

Observations (a) A ctbl weighted sam of measures is also a measure
,

i
.e .

If the
m are

-

measures on a measurable space (X
,

3) and the In are non-negative real then I cur
is also a measure or (X

,
3). neIN

(6) Actbl convex combition of probability measures is also a probability measure
,
i
. e.

If the in are probability measures on ameasurable space (X
,
3) and the in are

non-negative reals with C = 1
, thenM is also a probability measure

on (X
,

3).

Examples .

(a) The zero mensure NEO on my measurable space (X,
3).

(6) The Dirac measure at a point xEX is the measure If on (X
,
O(X)

⑰defined by Ex(A) = S ifXCA X
(6) The counting measure on X is the measure Ms on IX

,
P(X) defined by

& (A) = GIA) if A is finite
& otherwise

.

Note that if X is ctb)
,

then N =Ex.



(d) Given a st X
,
define a measure u on the Galebra of atbl/10-ctl rets :

This is a measure due to the fact that
MIA) = It if Auntbl unious of etbl as at-

checking this is left as an exercise.

Def
. Let IX

,
3

, m) be a measure space. A set Be3 is called an atom (or M-atom) if
M(B) >O and MIA) = P or MIA) = M(B) for every subset AEB with A5.

A measure space (X
,
3

, M) is called
· atomic(or purely atomic if every

set in 3 of positive measure contains an atom.

· atomless if it does not have atoms.

Caution
.

The zero measure M on any measurable space (X,
5) is both atomic and atomless.

All our examples of measures (a)- (d) are atomic
. Building non-trivial atomless measures

equires work
,

which we will start next time.


